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The paper presents the results of experimental and numerical studies of boiling heat transfer in the
flow of refrigerants R123 and R11 through vertical, rectangular minichannels, with one wall heated. An
application of liquid crystal thermography has helped detect two-dimensional temperature distribution
on the heating surface, allowing determination of boiling heat fluxes and experimental boiling curves. The
main objectives of the paper included the development of two-dimensional approach to solve the inverse
heat conduction boundary problem for determining local values of internal heating surface temperature,
boiling heat flux and heat transfer coefficient, and the improvement of the applied numerical method
making use of the equalizing calculus and heating surface temperature measurement errors. A detailed
discussion of temperature, heat flux and heat transfer coefficient errors is also provided.

© 2008 Elsevier Masson SAS. All rights reserved.
1. Literature review

Huge number of high-tech heat exchange devices including
electronic instruments, high heat flux laser diodes, heat pipes,
internal combustion engines, etc., use the phenomenon of heat
transfer to boiling liquids flowing in minichannels of various ge-
ometry. Despite the growing number of new works dealing with
flow boiling heat transfer in minichannels of various geometries,
the results refer mainly to a narrow variation range of flow boiling
parameters.

The effect of minichannel size on the flow boiling heat transfer
coefficient, the onset of nucleate boiling and critical heat flux are
discussed in the following papers [1,11,21,22,24,25,33,35,39,42,44].
In the majority of the quoted works, the flow boiling heat transfer
coefficient significantly increases with reduced size of a minichan-
nel [1,21,22,24,25,35,39,44]. Most of the reviewed papers [25,33,41,
42] have found no apparent effect of the inlet liquid subcooling
on nucleate boiling. In works [6,21] the flow boiling heat transfer
coefficient increased with the subcooling increase. The subcool-
ing increase also brought about the heat flux increase required for
nucleate boiling incipience [7,29,31]. The system pressure has ap-
peared to have no clear effect on nucleate boiling incipience [7,
12,26,30,31,35]. It strongly influences the flow boiling heat trans-
fer coefficient, which increases with the pressure growth [2,20,22,
40,43]. Nucleate boiling incipience depends quite clearly on the
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minichannel size [24,25,33,39,41], mass flux [7,12,45] and inlet liq-
uid subcooling [7,21]. The increase in mass flux [7] and inlet liquid
subcooling [7,21] caused the increase in the heat flux needed for
boiling incipience. The nucleate boiling incipience wall superheat
went down when the mass flux went up [12,45]. In most of the ex-
amined papers the flow boiling heat transfer coefficient has been
fairly independent of the flow velocity or mass flux [2,22,23,25,27,
30,34,41,45]. Almost all the experiments show that the flow boil-
ing heat transfer coefficient rises with the imposed heat flux [2,20,
22,23,34,40,43].

In the minichannels, incipience of boiling of a liquid with a
small wetting angle (the refrigerants investigated) is frequently ac-
companied by nucleation hysteresis, together with a considerable
heating surface temperature drop [6,7,12,14,15,19,26,27,30,31,45].
Hollingsworth in [14,15] proposed a parameter, described as “turn-
ing angle”, to denote the boiling incipience as dependent on the
course of nucleation hysteresis.

The three exhaustive, critical and different reviews by Kandlikar
[18], Tadrist [37] and Thome [38] present current knowledge of
the boiling heat transfer in minichannels in many aspects, includ-
ing boiling incipience phenomenon accompanied with nucleation
hysteresis, the impact of selected parameters on boiling heat trans-
fer in minichannels and numerical methods to solve the inverse
boundary problem. The impact of the discussed parameters, as our
literature review shows, is not consistent and demands further ex-
perimental investigations and theoretical analysis.

The main raw data available in minichannel boiling heat trans-
fer experiment applying thermosensitive liquid crystal technique is
the hue distribution along the heating foil and the volumetric heat
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Nomenclature

ai,bi coefficient
BI boiling incipience
G mass flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−2 s−1

H depth. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
H, S, I hue, saturation and intensity components
huek hue value corresponding to the set foil

temperature
I current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A
J error functional
L length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
M number of heat polynomials

number of hue images
N number of heat polynomials
n degree of a polynomial

normal coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
p pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N m−2

R, G, B red, green and blue components
R2 determination coefficient
Q V volumetric flow rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3 s−1

qw heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W m−2

qV volumetric heat flux (capacity of internal heat
source) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W m−3

s variable of integration
SEE standard error estimation
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
un heat polynomial
U voltage drop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . V
W width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
x coordinate; distance along the channel length . . . . . . m
y coordinate; distance along the glass and foil

thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek letters

α heat transfer coefficient . . . . . . . . . . . . . . . . . . . W m−2 K−1

Γ boundary of domain of integration
γ arbitrary function
Δ absolute error (accuracy)
ΔTsat surface superheating, T F − Tsat . . . . . . . . . . . . . . . . . . . . . . K
ΔTsub inlet liquid subcooling, (Tsat − Tl)inlet . . . . . . . . . . . . . . . K
δ thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
εκ temperature measurement correction . . . . . . . . . . . . . . . K
σ mean temperature error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
σk temperature measurement error . . . . . . . . . . . . . . . . . . . . . K
ψ arbitrary function
Ω Lagrange function domain of integration
ωn Lagrange multiplier

Subscripts

cal calibration
card card of the data acquisition station
ch minichannel
F foil
G glass
k measurement point
l liquid
m as measured
therm thermocouple
1D,2D model dimension

Superscripts

∼ refers to smoothed measurements

Fig. 1. Diagram of the test section with a minichannel: (a) vertical cross-section, (b) horizontal cross-section; I – front cover, II – main part with a minichannel and auxiliary
channels, III – rear cover; #1 – minichannel, #2 – heating foil, #3 – thermosensitive liquid crystals, #4 – glass, #5 – auxiliary channel with flowing water of controlled
temperature, #6 – back wall with thermocouples, #7 – air gap; #8 – auxiliary channel with flowing tap water to cool clamped edges of the foil.
flux, generated inside the foil. Local surface temperature, boiling
heat flux and heat transfer coefficient can only be obtained from a
relatively sophisticated data reduction procedure, which requires a
solution to the inverse two-dimensional boundary heat conduction
problem [6,26–28,32]. The heat polynomials method used here ap-
plies to both direct and inverse problems, it does not require high
capacity computers, sophisticated software as or the conditions
theoretically needed to solve a certain problem [9,17,27,28].

2. Experiment

2.1. Test section

The test section, Fig. 1, contains a vertical, rectangular minichan-
nel of the following depths: 0.7; 1; 1.5 and 2 mm, widths: 20 mm
or 40 mm and length 360 mm, with a refrigerant (R11, R123) flow-
ing through it. The heating foil (0.1 mm thick, made of Haynes 230
alloy of high electrical and thermal resistivity) supplied with the
direct current of controlled rate makes one of the channel walls.
A layer of thermosensitive liquid crystals (Hallcrest) is deposited
on the external foil surface, on a black base paint. Changes in the
foil surface hue can be observed through an opening covered with
a glass pane.

Auxiliary channels in the test section rear cover help to
maintain the required temperature at constant level across the
minichannel width and the longitudinal temperature distribution
on its back wall, which is considered to be quasi-adiabatic. The
idea of the experimental stand scheme was based on Chin and
Hollingsworth publications [6,7,14] with certain modifications re-
lated to all elements of the entire system [26,27,29,30].

2.2. The flow loop and the systems of data acquisition and processing

The main loop of the flow system for the boiling process ex-
amination consists of the following elements (Fig. 2): vertical test
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Fig. 2. Block diagram with main elements: #1 – vertical test section with a minichannel, #2, #4, #8 – plate type heat exchangers, #3 – compensating tank, #5 – frequency
inverter, #6 – rotary pump, #7 – flow meters, #9 – recirculation cooler, #10 – direct current power supply, #11 – fluorescent lamps, #12 – CCD video camera with RGB signal
decomposer, #13 – video recorder with monitor, #14 – computer with frame grabber, #15 – data acquisition station, #16 – computer; A – ammeter; p – pressure transducer;
T – type K thermocouple; V – voltmeter.
section with minichannel (#1); heat exchangers (#2, #4, #8); com-
pensating tank (#3); frequency inverter (#5) that changes the ro-
tational speed of the pump rotor to control the flow rate and
prevents cavitations in the pump; rotary pump (#6); flow meters
(#7). The set-up is supplemented with recirculation cooler (#9),
direct current power supply (#10), and pressure, temperature, cur-
rent and voltage drop meters.

A complex system for data and color images acquisition and
processing, presented in Fig. 2, consists of: a lighting module (#11),
which has two sources of white “cold” light, located at the same
distance from the investigated object and at the same angle to it; a
CCD video camera with an RGB signal decomposer (#12), located at
the front of investigated object; video recorder with monitor (#13)
and PC with frame grabber (#14). Software for the acquisition card
and software for measurement data processing supplement the
image acquisition system. Temperature and pressure control and
acquisition in various parts of the test section are performed by a
data acquisition station (#15) together with appropriate software
installed on another computer (#16).

2.3. What are we trying to find

The system under investigation, Fig. 3, consists of the working
liquid (R123, R11) and two vertical walls: a quasi-adiabatic wall on
one side (Fig. 1, #7; Fig. 3) and the heating foil (Fig. 1, #2; Fig. 3)
with glass (Fig. 1, #4; Fig. 3) on the other. The liquid, at the tem-
perature below its boiling point, flows into the minichannel (Fig. 1,
#1, Fig. 3). Gradual increase in the electric power supplied to the
foil results in an increased heat flux transferred to the flowing liq-
uid in the minichannel. This leads to the incipience and then to
the development of nucleate boiling. Owing to the liquid crystal
layer located on its surface contacting the glass, it is possible to
measure temperature distribution on the heating wall.

Wanted values include local temperature, local heat flux and fi-
nally local heat transfer coefficient on the foil internal surface in
contact with the boiling liquid. This is an inverse boundary prob-
lem. It is possible to determine the unknown boundary conditions
on the basis of temperature measurement at the system internal
points (temperature distribution on the heating foil on the side
of the glass) and the measurement of the electric power supplied
to the heater [6,27,28,32]. Steady state conditions were assumed
for the entire system, whereas the thickness of liquid crystal lay-
Fig. 3. Diagram of the flow boiling process in the investigated minichannel.

ers and temperature changes of glass, foil and liquid along the
minichannel width were omitted.

Color image acquisition system based on three basic colors R, G
and B was used in the investigations. When the liquid crystals cali-
bration and the measurements take place in identical and constant
geometrical and lighting conditions, the HSI system allows con-
version of three-component RGB signal into a single hue matrix
[13,26]. RGB components of the color image of any pixel of the
observed surface with variable temperature recorded by the mea-
surement system, Fig. 4a, are converted to a hue scalar value in
accordance with the following equation:

hue = arctan

( √
3(G − B)

2R − G − B

)
(1)

Application of liquid crystals to the detection of two-dimensional
heating surface temperature distribution must be preceded by
hue–temperature calibration. As a result of the calibration the
curve temperature = function(hue) is obtained, Fig. 4b [26,28–30].
Details of the calibration procedure can be found in [6,13,26].
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Fig. 4. (a) Diagram of measurement data acquisition system with marked error generation sites; (b) calibration curve; (c) graph of dependence of temperature error as a
function of hue T F = 7.93E−11hue6 − 3.6E−08hue5 + 6.05E−06hue4 − 4.52E−04hue3 + 1.43E−02hue2 − 1.11E−01hue + 17E+02, R2 = 0.995.
2.4. Assessment of accuracy of selected parameters

The measurement error of the external foil surface tempera-
ture generates an error in the calculation of local temperature of
the foil contacting the boiling liquid T F , heat flux qw and heat
transfer coefficient α. They are discussed in Section 3. Temperature
measurements errors were used to modify the applied numerical
methods, Section 4.

2.4.1. Foil temperature
The mean square error was assumed as a measure of an error

magnitude [16]. Mean square errors were computed as roots of
the sum of squares of products of the function partial derivatives
by the given parameter measurement mean error. The derivatives
were taken with respect to external parameters occurring in direct
measurements. The diagram with marked areas of error generation
in the course of experiments is shown in Fig. 4a.

It is assumed that, similar to [13], the mean temperature error
for a single point determined on the basis of hue in the calibration
experiment, amounts to:

σ = 1

M

M∑
k=1

σk

= 1

M

M∑
k=1

√(
∂T F (huek)

∂huek
· Δhue

)2

+ (2 · SEE)2 + (ΔTl)
2 (2)

SEE relates to the fitting of the calibration curve and it is deter-
mined with the least square method:

SEE =
√√√√ 1

M

M∑
k=1

(
T F (huek) − Tl

)2
(M − n − 1)−1 (3)

ΔTl represents the overall liquid temperature errors at the mini-
channel inlet and outlet, which result from signal processing by
acquisition cards and from errors in thermocouples:
ΔTl =
√

(ΔTcard)2 + (ΔT therm)2 (4)

The error resulting from signal processing by the data acquisition
station amounts to:

ΔTcard =
√

(ΔTcard_1a)
2 + (ΔTcard_1b)

2 + (ΔTcard_2)
2 (5)

where AIM7 (Keithley) thermocouple card errors (ΔTcard_1a,

ΔTcard_1b , denoted as #5a and #5b in Fig. 4a.) and also an er-
ror of AMM2 (Keithley) card (16-bit analogue-digital converter –
ΔTcard_2) should be accounted for.

The sensor error ΔT therm results from errors in the thermocou-
ple calibrating and in the direct measurement, leading the equa-
tion:

ΔT therm =
√

(ΔTcal)
2 + (ΔTm)2 (6)

Detailed values of all particular errors mentioned above, were
given in [26,32].

After inserting appropriate numerical values into (7), mean
temperature measurement error σ = 0.86 K is obtained [17,26,28].
An exemplary graph of temperature errors as a function of hue re-
lated to the calibration curve from Fig. 4b, is shown in Fig. 4c.

2.4.2. Volumetric heat flux
In order to calculate the volumetric heat flux error, an experi-

ment at low electric power was conducted, generating volumetric
heat flux qV = 1.02 · 108 W/m3, for a minichannel of 40 mm in
width and 1 mm in depth. The volumetric heat flux was deter-
mined from the electric power supplied to the heating foil, Eq. (1),
for which the mean square error is:

ΔqV =
((

∂qV

∂ I
· ΔI

)2

+
(

∂qV

∂U
· ΔU

)2

+
(

∂qV

∂L F
· ΔL F

)2

+
(

∂qV

∂W
· ΔW F

)2

+
(

∂qV

∂δ
· ΔδF

)2 )1/2

(7)

F F
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Fig. 5. Images of hue temperature distribution on the minichannel heating wall while initially increasing (from #1 up to #23) and then decreasing (from #24 up to #32)
heat flux supplied to the heating surface; experimental parameters: R 123, G = 412 kg/m2 s; pinlet = 0.19 MPa; ΔTsub = 36 K; qV = 8.07 · 104–8.73 · 105 kW/m3, qw =
8.2–88.6 kW/m2; Hch = 1 mm, Wch = 40 mm [26].
Absolute errors of particular measurements were defined on the
basis of the accuracy of the measuring devices used and their de-
tails are given in [26].

Ultimately, the relative error of volumetric heat flux measure-
ment in the considered case equals

ΔqV /qV · 100% = 2.04% (8)

which was assumed a satisfactory result.

2.4.3. Other parameters and the boundary conditions
Mean square errors of other measured parameters were esti-

mated in the following way [26]: inlet (outlet) liquid temperature
ΔTl,inlet ≈ 0.39 K, inlet liquid subcooling Δ(ΔTsub) ≈ 0.68 K, in-
let (outlet) pressure Δpinlet ≈ 0.7 kPa and volumetric flow rate
ΔQ V ≈ 1.7%.

Quasi-adiabatic boundary condition on the minichannel back
wall, Fig. 1, is obtained through appropriate adjustment of water
flow from the tap and the resulting average temperature of the
wall. This temperature is maintained close to an average value of
the inlet and outlet temperatures of the flowing liquid with an er-
ror less than ±1 K throughout the entire experiment. Therefore,
almost net zero temperature difference is maintained across the
back surface.

In order to estimate heat losses to the environment through the
glass pane, Fig. 1, the experimental stand was equipped temporar-
ily with an infrared thermovision camera, placed immediately be-
hind the CCD camera, Fig. 3, to measure temperature on the glass
external surface [29]. Computations of local boiling heat transfer
coefficients, keeping in view heat losses to the environment, show
that their impact can be disregarded since they could lower the
coefficient value by 2% at the most [29].

2.5. Experimental procedure and results

Raw data are obtained as sets of hue distribution images on the
heating surface coated with liquid crystals, Fig. 5.

During the first increase of power qV , the heat transfer between
the foil and the liquid proceeds by single-phase forced convection,
Fig. 5 – images #1 to #4. It is manifested in the form of subsequent
hues in the visible spectrum sequence and shows gradual increase
in the heating surface temperature (black color on the surface in-
dicates that the surface temperature is beyond the liquid crystal
sensitivity range).

When qV is increased continuously as in Fig. 5 – images #5
to #14, occurrence of the “boiling front” (BI) is seen as rapid hue
changes on the foil, taking place inversely to the spectrum se-
quence, then the black hue returns (mostly in lower parts of the
images). This indicates sudden heating foil temperature drop. BI is
identified with the maximum heating surface temperature, Fig. 6.
The abrupt decrease in heating surface temperature results from
the vapor bubbles spontaneous formation in the wall adjacent
layer. They function as internal heat sinks, absorbing significant
amount of energy transferred to the liquid [3,4,26,27,30]. This phe-
nomenon has been discussed in detail in [6,15,27].



1054 S. Hozejowska et al. / International Journal of Thermal Sciences 48 (2009) 1049–1059
Fig. 6. (a) Selected enlarged image of hue distribution along the heating foil (Fig. 5, #5) and the enlarged picture of the “boiling front” area; (b) foil temperature dependence
on the distance along the channel length equivalent to the chosen hue image, Fig. 6a [26].
When the heat flux is being increased further, Fig. 5 – images
from #14 on, black hue is replaced with a new hue sequence,
mostly in the upper part of images. This occurs when developed
nucleate boiling is in progress in the channel. From the point
where saturated navy blue hue appeared on the foil surface, Fig. 5
– image #23, the current supplied to the foil is gradually de-
creased.

This causes mild hue change in the direction opposite to the
spectrum sequence. As a result, heat transfer returns to forced
single-phase convection. Gradual decrease in the heat flux makes
the boiling process disappear first at the channel inlet, and boil-
ing “fading away” moves downstream, Fig. 5 – images #24 to #32.
At the end of the run, black hue returns covering the entire heat-
ing foil area and this indicates that the temperature has dropped
below the liquid crystal active range.

3. Flow boiling heat transfer numerical calculations

The raw data in the presented experiments are as follows: liq-
uid crystal hue distribution on the heating foil, volumetric heat
flux (capacity of the internal heat source), inlet and outlet temper-
atures of the boiling liquid and the volumetric flow rate. As already
mentioned, the liquid crystal data have to be reduced with the ap-
plication of the solution to the inverse heat conduction problem
[6,26–28]. This allows us to obtain the sought-after local param-
eters on the foil surface contacting the boiling liquid, Fig. 7, that
is, the foil temperature T F (x, δG + δF ), the heat flux qw(x, δG + δF )

and the heat transfer coefficient α(x).

3.1. Two-dimensional approach

A careful examination of liquid crystal images of the foil exter-
nal surface temperature, Fig. 5, allow us to assume that at a small
distance from the boiling point the foil temperature is almost con-
stant along the foil width, that is, along coordinate z, Fig. 3. This
is due to the application of auxiliary cooling channels with flow-
ing tap water, Fig. 1, #8. The observation leads us to the conclusion
that the two-dimensional model of heat transfer along the coordi-
nates x (test section length) and y (thickness), Fig. 3, is suitable
enough for the investigated case.

A stationary heat conduction process in a two-layer partition
(the foil and the glass) is expressed with the equations:

(a) in the glass

∇2TG = 0 (9)

(b) in the foil

∇2T F = −qV (10)

λF
qV = U · I

δF · W F · L F
(11)

At the glass–foil contact the equality of both temperatures and
their gradients (heat fluxes) is required, Fig. 7:

T F (xk, δG) = TG(xk, δG) = Tk for k = 1,2, . . . , K (12)

λF
∂T F

∂ y
= λG

∂TG

∂ y
for y = δG and 0 � x � L (13)

where: Tk denotes the measurement temperature read with liquid
crystal thermography technique at the measurement points (xk, δG)

in boiling experiments.
It is assumed that the remaining boundaries at x = 0, x = L and

y = 0 are insulated, Fig. 7.
On the heating foil surface contacting the flowing liquid, for

y = δG + δF , the unknown boundary condition is expressed in the
following way:

−λF
∂T F (x, δG + δF )

∂ y
= α2D(x)

(
T F (x, δG + δF ) − Tl(x)

)
(14)

Eq. (14) contains two unknown functions: temperature T F (x, δG +
δF ) and the heat transfer coefficient α2D. Local bulk liquid temper-
ature Tl is calculated on the basis of the enthalpy balance [26,27,
31,32].

The problem (9)–(13) was solved under the analytical–numerical
heat polynomials method. The method allows simple solving of
direct and inverse heat conduction problems, giving very small so-
lution errors [9]. The method has been validated against known so-
lutions obtained analytically or with the finite element method [8].

Heat polynomials un(x, y), which satisfy Eq. (9), are used to
find temperature T F (x, y) [9,27]. The unknown glass tempera-
ture TG(x, y) is approximated with a linear combination of the
heat polynomials un(x, y), whereas the foil temperature T F (x, y)

is given as a sum of the function being a specific solution ũ(x, y)

to Eq. (10) and the linear combination of polynomials un(x, y):

TG (x, y) ≈
N∑

i=0

aiui(x, y)

T F (x, y) ≈ ũ(x, y) +
M∑

j=0

b ju j(x, y) (15)

Unknown coefficients ai and b j for i = 0,1, . . . , N , j = 0,1, . . . , M
are calculated by means of two techniques. One, using the least
squares method, leads to the minimization of error functional, ap-
propriate to each of the functions T G(x, y) and T F (x, y). Those
functionals describe the mean squared error between approxi-
mates and prescribed boundary conditions. It is a heat polynomials
method [9,28].
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Fig. 7. Boundary conditions for a two-dimensional model.
For function T G(x, y) the error functional J G is defined as fol-
lows [9,28]:

J G =
L∫

0

(
∂TG (x,0)

∂ y

)2

dx

+
δ∫

0

[(
∂TG(0, y)

∂x

)2

+
(

∂TG(L, y)

∂x

)2]
dy

+
K∑

k=1

(
TG (xk, δG) − Tk

)2
(16)

When in the relationship (16), T G(x, y) is substituted with depen-
dence (15), the minimum of the functional J G is determined from
the solution for the system of equations:

∂ J G

∂ai
= 0 for i = 0,1, . . . , N (17)

Unknown coefficients b j , Eq. (15), are determined in the same way.
For function T F (x, y), the minimized functional takes the following
form:

J F =
δG +δF∫
δG

(
∂T F (0, y)

∂x

)2

dy +
δG+δF∫
δG

(
∂T F (L, y)

∂x

)2

dy

+
L∫

0

(
∂T F (x, δG)

∂ y
− λG

λF

∂TG (x, δG)

∂ y

)2

dx

+
K∑(

T F (xk, δG) − Tk
)2

, (18)

k=1
which leads to the following system of equations

∂ J F

∂b j
= 0 for j = 0,1, . . . , M (19)

In the other method, further referred to as the Trefftz method [10,
27], the starting point is Green’s second identity

∫ ∫
Ω

(
γ∇2ψ − ψ∇2γ

)
dx dy = −

∫
Γ

(
γ

∂ψ

∂n
− ψ

∂γ

∂n

)
ds (20)

By insertion of: γ = ∑N
i=0 aiui(x, y) and ψ = u j(x, y) in (20), we

obtain the following set of equations expressing unknown coeffi-
cients a1, . . . ,aN :

N∑
i=1

ai

{ L∫
0

[
ui(x,0)

∂u j(x,0)

∂ y
+ ui(x, δG)

∂u j(x, δG)

∂ y

]
dx

+
δG∫

0

[
ui(L, y)

∂u j(L, y)

∂x
− ui(0, y)

∂u j(0, y)

∂x

]
dy

}

=
L∫

0

Tk
∂u j(x, δG)

∂ y
dx (21)

Constant a0 is chosen so that the function T G satisfies the condi-
tion (12):

ak
0 = Tk − TG(xk, δG) (22)

A set of equations expressing unknown coefficients b1, . . . ,bM is
obtained in the similar way.
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Fig. 8. First order derivates of the foil temperature: ◦ – ∂T F /∂ y|y=δG +δF , • –
∂T F /∂ y|y=δG , × – ∂T F /∂x|y=δG +δF in a two-dimensional model for run #12.

In both two-dimensional methods, the approximation of the
function T G(x, y) is computed first and then function T F (x, y) fol-
lows. Determining glass temperature T G(x, y) is a solution the di-
rect problem given by Eq. (9) with boundary conditions presented
in Fig. 7. The determination of foil temperature T F (x, y) – consti-
tutes a solution to the discussed inverse heat conduction problem.
Functions T G(x, y) and T F (x, y), so determined, satisfy both equa-
tions, (9) and (10), in an accurate way.

For heat polynomials, functions T G(x, y) and T F (x, y) satisfy
conditions (12) and (13) approximately. In the Trefftz method, the
functions named above meet approximately only condition (13);
condition (12) is satisfied exactly. If we know the function T F (x, y)

on the boundary y = δG + δF , we are able to calculate the heat
flux going into flowing liquid, qw(x, δG + δF ), and the heat transfer
coefficient, α2D(x), from condition (14).

3.2. One-dimensional approach

If simplified assumptions are made, the two-dimensional model
shown above can be reduced to one-dimensional model. The
glass pane, Fig. 7, owing to its very low conductivity (λG =
0.71 W m−1 K−1), quite large thickness (δG = 5 mm) and a low
heat transfer coefficient on its external surface, may be treated as a
perfect insulator. Therefore, it may be assumed that the entire vol-
umetric heat flux generated inside the foil, is transferred by heat
conduction across the foil thickness to the flowing liquid, and the
heat flux on the surface contacting the liquid is given by the equa-
tion

−λF
∂T F (x, δG + δF )

∂ y
= qV δF = qw (23)

This assumption results from the fact that the derivative
|∂T F /∂ y|y=δG +δF changes very little along the minichannel length
and its values are much higher than values of derivatives
|∂T F /∂x|y=δG+δF and |∂T F /∂ y|y=δG , Fig. 8. This indicates that the
largest heat flux generated inside the foil is passed to the boiling
liquid in the direction normal to the heating surface.

With the foil thickness being very small (δF ∼= 0.1 mm), it is
possible to replace the partial derivative in (23) with a finite dif-
ference:

∂T F (x, δG + δF )

∂ y
= T F (x, δG + δF ) − T F (x, δG)

δF
(24)

T F (x, δG + δF ) is calculated from (23) and (24)
Fig. 9. Heat transfer coefficient in near boiling incipience: � – α1D (one-dimensional
model), ◦ – α2D,1 (two-dimensional model and heat polynomials method), ∗ – α2D,2

(two-dimensional model and the Trefftz method).

T F (x, δG + δF ) = λF T F (x, δG) − qV δ2
F

λF
(25)

Then, after taking conditions (14), (24) and (25) into account, we
get a simple formula for the local heat transfer coefficient α1D,
[32]:

α1D(x) = qV · λF · δF

λF (T F (x, δG) − Tl(x)) − qV · δ2
F

(26)

In Eq. (26) T F (xk, δG) is obtained from approximation of the liquid
crystal measurement results by an n-degree polynomial.

3.3. Results of calculations for one- and two-dimensional approaches

In the examples presented below, we provide the values of heat
transfer coefficient versus distance x for the transition from single
phase to boiling incipience. At first, T F (x, δF + δG) and the heat
flux at the contact surface of the foil and liquid are calculated in
the presented models. Then, the heat transfer coefficient α is cal-
culated from formulae (14) and (26).

Thus, the formulae (14) and (26) accumulate all errors of mea-
surements and calculations: foil temperature T F (x, δG) measure-
ment error, heat flux qw calculation error and liquid temperature
Tl estimation error. For this reason, in continuation of our research,
we compare heat transfer coefficients for particular methods used
in chosen experimental runs, shown in Fig. 5 as images of hue
temperature distribution on the external surface of the heating
foil.

It was assumed that for the two-dimensional approach ũ(x, y) =
−0.5qvλ−1

F y2 and the number of approximating polynomials un:
N = M = 12. In the one-dimensional approach liquid crystal tem-
perature measurements Tk were approximated by a 5-degree poly-
nomial: n = 5.

Fig. 9 presents the results obtained from the two-dimensional
approach solved with the use of the two discussed methods, and
the results obtained from one-dimensional approach. α2D,1 denotes
heat transfer coefficient calculated from formula (14) after the heat
polynomials method was used, α2D,2 – the coefficient calculated
from (14) after the Trefftz method was used, α1D – the coefficient
calculated from (26).

Heat transfer coefficient α2D,2 (calculated with the use of the
Trefftz method) differs in value when compared with the coeffi-
cients calculated with the use of other methods and its scatter
is substantial. This is because the Trefftz method employs exact
values of temperature Tk at the measuring points, whereas other
methods smooth the data, either through the approximation with
a polynomial (one-dimensional approach) or due to the heat poly-
nomials method characteristics (two-dimensional approach). As the
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Table 1
Mean errors of the heat flux qw and of the heat transfer coefficient α for various calculation methods.

Method Mean relative errors

Run #5 Run #12
qV = 1.36 · 105 kW/m3 qV = 2.32 · 105 kW/m3

Mean relative error Δqw/qw (two-dimensional model, heat polynomials) 15.19% 16.35%
Mean relative error Δqw/qw (two-dimensional model, Trefftz method) 29.45% 35.33%
Mean relative error Δα2D,1/α2D,1 (two-dimensional model, heat polynomials) 15.29% 16.45%
Mean relative error Δα2D,2/α2D,2 (two-dimensional model, Trefftz method) 29.57% 35.53%

Fig. 10. Boiling curve at a distance of 0.121 m from the inlet; qw ± Δqw – heat flux and its error distributions; parameters as in Fig. 5 [26].
measurement data are not smoothed, the Trefftz method is more
sensitive to measurement errors than other methods (see Table 1).

The error for qw for the two-dimensional model was deter-
mined from the following formula:

Δqw =
[(

∂qw

∂λF
· ΔλF

)2

+
(

∂qw

∂ ∂T F
∂ y

· Δ∂T F

∂ y

)2 ]1/2

(27)

where: ΔλF = 0.01 (W/m K); Δ∂T F
∂ y = | ∂2 T F

∂ y2 Δy| and Δy equals

four times the pixel dimension (Δypixel = 7.4 · 10−4 m), as the
measured temperature Tk is the average of temperature readings
at the point and its four surrounding neighbors.

Heat transfer coefficient error Δα2D is determined with the fol-
lowing formula

Δα2D =
[(

∂α2D

∂T F
· ΔT F

)2

+
(

∂α2D

∂Tl
· ΔTl

)2

+
(

∂α2D

∂qw
· Δqw

)2]1/2

(28)

where: ΔT F (xk, δG) = σk (since the foil is very thin, we can assume
that ΔT F equals to the error of the temperature measurement);
ΔTl = 0.39 K [26]; Δqw/qw and Δα/α denote the sought-after
relative error.

Table 1 presents examples of mean errors of the qw and of the
heat transfer coefficient α for two-dimensional approaches. Mean
errors were obtained as arithmetic mean of errors Δqw/qw and
Δα/α determined at all possible measuring points xk (the color-
ful part of the selected image, Fig. 5). The extent of error Δqw

is determined by derivative ∂2T F /∂ y2; the extent of error Δα is
determined by error Δqw . The Trefftz method is more sensitive
(produces larger errors Δα and Δqw , Table 1) to errors of data
used in calculations, because the results are not smoothed the way
they are in the heat polynomials method, Fig. 9.

Fig. 10 shows the exemplary boiling curve obtained on the basis
of data already presented in Fig. 5. It is plotted as a function of the
heat flux (on the surface contacting the flowing liquid) and surface
superheating for the selected fixed distances from the minichan-
nel inlet – qw = qw(T F − Tsat). In accordance with results obtained
earlier for one- and two-dimensional models presented in Fig. 9,
a one-dimensional model was chosen for determining the boiling
curve in Fig. 10. Detailed analysis of the boiling curves was pre-
sented earlier in [26,27,29,30].

4. Techniques to improve the accuracy of the heat polynomials
method

4.1. Equalizing calculus

The equalizing calculus cannot be applied to the Trefftz method
because the method assumes strict equality of the temperature
measured and calculated at all measuring points. In the heat poly-
nomial method measurements Tk , obtained by means of liquid
crystal thermography, may be expressed as a sum of unknown
accurate measurements T̃k and temperature measurements correc-
tions εk , that is,

T̃k = Tk + εk (29)

Corrections εk are assumed to feature normal distribution with
mean value equal to zero and finite variance equal to σ 2

k [5,36].
σk are local temperature measurement errors given by formula (2)
and discussed in detail in [17,28,32]. Correction εk is determined
so as to minimize the Lagrange function:
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Fig. 11. (a) Tk ± σk – temperature and its error distributions in near boiling incipi-
ence (for run #12). (b) T̃k ± σ̃k – smoothed temperature and its error distributions
in near boiling incipience (for run #12).

Ω =
K∑

k=1

ε2
k

σ 2
k

+ 2
K∑

k=0

ωk
(
T̃ F (xk, δG) − T̃k

) → min (30)

where T̃ F is the smoothed foil temperature [5,23]. Additionally, we
assume equality between the smoothed temperature T̃ F , and the
smoothed measurement of temperature T̃k:

T̃ F (xk, δG) − T̃k = 0 (31)

For the smoothed results – T̃k , obtained from satisfying conditions
(30) and (31), their measurement errors are calculated and denoted
as σ̃k , following the procedure described in [5,17]. Fig. 11 presents
temperature Tk measurement distributions and temperature T̃k
smoothed measurement distributions with marked measurement
errors σk and σ̃k , respectively. As expected, equalizing calculus
smoothes the measurement data of temperature Tk(Tk → T̃k) and
reduces the errors σk(σk → σ̃k), Fig. 11. If we know the T̃k values,
it is possible to calculate new approximations of glass and foil tem-
peratures, and consequently the new heat fluxes and heat transfer
coefficients.

4.2. Experimental errors implementation

In the original heat polynomials method, when forming error
functionals J G and J F (given by formulae (16) and (18) respec-
tively), temperature measurements obtained by means of liquid
crystal thermography were assumed to be error-free [5]. In func-
tionals J G and J F , the last components

∑K
k=1(TG (xk, δG) − Tk)

2,∑K
k=1(T F (xk, δG) − Tk)

2 describe how accurately the computed
approximations of glass and foil temperatures satisfy the condi-
tion (12). In the modified heat polynomials method, taking into
consideration temperature measurement errors σk , Eq. (2) in func-
tionals J G and J F will result in reducing the difference between
the calculated approximations and measured temperature values
[17,28,32].

Modified are the last components in functionals J G and J F

(other components in J G and J F remain unchanged), which have
the following new forms:

(a) for glass:
K∑

k=1

(
TG(xk, δG) − Tk

σk

)2

(b) for foil:
K∑

k=1

(
T F (xk, δG) − Tk

σk

)2

(32)

In formulae (32), errors σk are weights for individual temperature
measurements. The higher the accuracy of the measurement, i.e.,
the smaller the error, the greater the weight. The described modi-
fication of the heat polynomials method improves conditioning of
systems of Eqs. (17) and (19) [28].
The introduction of equalizing calculus and modification into
the heat polynomials method and their combination increased sub-
stantially the accuracy with which the calculated temperatures ful-
fill boundary conditions, Eqs. (12) and (13); already discussed in
[17,27,32]. It also slightly reduced mean relative errors Δqw/qw

and Δα/α. The smallest mean relative errors were obtained again
for the modified heat polynomials method with the use of equal-
izing calculus. For instance, for run #12, Fig. 5, error Δα/α was
reduced from 16.45% (for the original heat polynomials method;
Table 1) to 15.79% and for run #23 from 15.60% down to 14.74%.

5. General conclusions

Liquid crystal thermography was applied in the discussed stud-
ies of boiling heat transfer in minichannels for the identification
of two-dimensional temperature fields. This method allowed us to
determine two-dimensional temperature distribution on the heat-
ing surface, locate the boiling front (boiling incipience), and cal-
culate the local temperature of the heating surface contacting the
boiling liquid, local heat flux and the heat transfer coefficient.

Boiling incipience is demonstrated by a sudden decrease in the
wall temperature, called “boiling front”, caused by appearing va-
por bubbles, which behave like heat sinks. A shift of the “boiling
front” along the channel length is caused by variation of the volu-
metric heat flux supplied to the foil. The front is accompanied by
the occurrence of nucleation hysteresis. It is characteristic of the
boiling of a liquid with a small wetting angle and its appearance is
associated with the activation of some nuclei on the heated wall.

It should be emphasized that the main raw data available in
the minichannel boiling heat transfer experiment employing ther-
mosensitive liquid crystal technique are the hue distribution along
the heating foil and volumetric heat flux, generated inside the
foil. Local surface temperature, boiling heat flux and heat trans-
fer coefficient – the most important parameters for boiling process
discussion – originate from a data reduction procedure, which re-
quires a solution of the two-dimensional inverse boundary heat
conduction problem.

For the reduction of the experimental data obtained from the
liquid crystal thermography, we proposed the two-dimensional
heat transfer model for the system: flowing liquid – heating foil
– liquid crystals – protecting glass. The modified heat polynomi-
als method combined with equalizing calculus was employed to
find a numerical solution to the inverse boundary heat conduction
problem.

The methodology of error estimation was discussed, focusing
on the heating surface temperature measurement carried out with
the use of liquid crystal thermography. The known temperature
measurement errors were then used in the equalizing calculus in
numerical calculations for determining the local heat transfer coef-
ficient. Measurement errors as weights for particular temperature
measurements helped to modify the heat polynomials method,
which in turn reduced the calculation errors. The proposed new
one-dimensional heat transfer model, based on reasonable simpli-
fications, helps to perform fast and simple data reduction.
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